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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 849 . -

NdRMAL—PRESSURE TESTS OF RECTANGULAR PLATES

By Walter Ramberg, Albert E. McPherson, and Samuel Levy

SUMMARY-

Normal-pressure tests were made of 56 rectangular
plates with clamped edges and of 5 plates with freely
supported edges. Pressure was applied and the center
deflection and the permanent set at the center were
measured. For some of the plates, strains and contours
were measured in addition. o —— T e

The observed relation between center deflection and
pressure for the plates with clamped edges was qualita—
tively in agreement with theory in that the deflection
increased linearly with the pressure at very low loads
and then inecreased more slowly as the membrane stregses s
became important. Quantitative agreement within +10 per— ST
cent for the linear portion of the deflection-pressure a
curve was obtained for only about one—fourth of Eﬁe Plate.
The deviations for the rest of the plates were ascribed
to deviations from the theoretical clamping conditions
at the edges. LT o R

With the beginning of permanent set both the total
deflection and the permanent set at the center of the
plates with clamped edges increased linearly with the -
pressure for most of the plates. Extreme—fiber strains o
measured at the center of three square plates were in
approximate agreement with calculated values.

Washboarding pressures were determined fer three
cases: the pressure for a set at the center of 1/500
the span of the plate, the pressure for a set at the

w. center of 1/200 the span of the plate, and the Navy

"¥ield ‘pressure. The Navy yield pressure was obtained
from a plot of permanent set against pressure by deter—
mining the intersection with the pressure axis of a
straight line faired through the plotted points. . L

The measured Navy yield pressure and the pfégsﬁres"
for a set of 1/500 the span for the plates with c¢lamped
edges were between the theoretical presstre, for_yig}g;;g
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at the edge and for yielding at the center, for more than
80 percent of the plates. There was & tendency to shift
from.the first curve to the second with increasing ratio
of span te¢ thickness, indicating that the thick plates
tended to yield by bending near the edges while the very
thin plates yielded more like a membrane throughout the
plate. The pressures for a set of 1/200 the span were in
agreement with the theoretical pressure for ylelding at
the center of the plate.

The measured center deflections of five plates with
freely supported edges at low loads were between O and 20
percent less than those calculated from Kaiser's theory.
The theory does not extend to sufficiently high center de-—
flections to make possible a calculation of washboarding
pressures on the same basis as for the plates with clamped
edges. Furthermore, the tests were %too few to provide
empirical relations of any generality. The washboarding
pressures for the plates tested were approximately the
same as the washboarding pressures for the clamped-edge
plates.

INTRODUCTION

An investigation of the strength of flat plates un—
der normal pressure has been conducted for several ysars
at the Nationael Bureau of Standards with the support of
the Bureau of Aeronautics, Navy Department. Information
on this subject was desired by the Bureau of Aeronautics
because of its bearing on the design of seaplanes. Sea—
Planes are subject to = severe impact during landing and
take-off, especially on rough water, The impact must be
withstood first by the bottom plating and then by a sys—.
tem of transverse and longitudinal members, to which the
bottom plating is attached, before it is carried into the
body of the structure. Published experimental estimates .
for the maximum pressure experienced during landing and
take—-off range from 4.65 pounds per square inch (reference
1) to 6.3 pounds per square inch (reference 2); while
Wagner (reference 3) found theoretically that impact pres—
sures as high as 4 atmospheres or about 60 pounds per
square inch may be possible for certain shapes of float
bottom. ' : '

The bottom should be strong enough not to dish in
or "washboard" permanently under these impact presgures.
Such washboarding is undesirable both because of the in-
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creased friction betweeh the float bottom and the water
and because of the increased aerodynamical drag in
flight. -

The bottom plating of seaplanes is, as a rule, sub—
divided into 'a large number of nearly rectangular areas
by the transverse and longitudinmal supporting ridbs. Each
of these areas will behavé substantially like & rectangu—
lar plate under normal pressure. Normal-pressure tests
of rectangular plates may therefore be used tc study the
washboarding of seaplane bnttems, provided the plates are
loaded and are held at the edges just as in the seaplane.

Impact pressure is assumed t o be nearly uniform over
a portion of sheet covering several reciangular fields.
Under these conditions the sheet is subjected to a hydro—
static normal pressure equal to the average impact pres—
sure in the region considered. The behavior of the sheet
approximates that in an infinite sheet supported on a
homogeneous elastic network with rectangular fields of the
same rigidity as the supporting framework ef the seaplane.

The displacement in the plane of the sheet and the
slope of the sheet relative to the plane of the network
must be zero from symmetry wherever the sheet passes over
the center 'line of each supporting beam. ZEach rectangular
field will therefore behave as a rectangularfp;ate clamped
aldng its four edges on supports that are rigid enough in
the "plane of the .sheet to .prevent their displacemenf in
that plane. At the same time thesc supports must have 2
rigidity normal to the plane of the sheet equal to that
of the actual supports in the seaplane bottom. The rigid—
ity of the supports will lie somewhere between the unat—
tainable extremes of zero rigidity and infinite rigidity.
The extreme of infinite rigidity normal to the plame of
the sheet is one that may be approximated in actual de-—
signs and, furthermore, 1t is 'a case that can be experi—
mentally investigated by clamping rectangular plates. in &
Tigid framework and subjecting them to normal pressure.

It is probable that the stress distribution in such a
fixed—edge plate will, in most cases, be less favorable
than the"stress distribution in the elastic—edge plate.
The strength of plates obtained from the tests will there—
fore be on the safe side if epplied in seaplane design.’
Reference might be made in this connection to a paper by
Mesnager (reference 4) in which it is shown that a ree-—
tangular plate with elastic edges of a certain flexibility
will be less highly stressed than a clamped—edge plate.

[y
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Considerations of this nature led to the .decision to
test rectangular plates of variouse materials) thickneases,
end ratios of length to width by holding their edges
clamped in a rigid frame and subjecting them to hydro-—
static pressure. It was decided alse to subject to normal
pressure some plates with freely supported edges. It wus
felt thet this type of deformatisn would approximate the
deformation in a rectangular pamel 0of the - bottom plating
resisting.a higher impact pressure than the.surrounding -
.panels. and supported on beams of- torsional stiffness in—
sufficient to develop large moments along the edges. The
high bending stresses at the edges characteristic of rig-
idly clamped plates would then be absent.

SPEC IMENS

Dimensions and tensile properties for the plates
tested with clamped edges are given in tadle 1 and for
Plates with freely supported edges in table 2. Tests
with clanmped cdges were made on 39 plates of 175-T alu—
minum alloy ranging in thickness from 0.0104 t¢ 0.1000
inch and in gize from 2.5 by 2.5 t¢ 7.5 by 17.5 inches;
on I2 plates of 18:8 stainless steel ranging im thickness
from 0.0127 to 0.Q601 inch and in size from 2.5 by 2.5
to 5 by 5 inches; on 3 plates of 17S~-RT aluminunm a2lloy
ranging in thickness from Q.0208 to 0.0384 inch and 2.5
by 7.5 inches in size; and on 2 plates of 245~RT alumi-
num alloy 0.0204 and 0.0250 ‘inch in thickness and 2.5
by 7.5 inches in size. The tests of plates with freely
supported edges were confined to five 5~ by 5-1inch 175-T
aluminum—alloy plates 0.0292 to 0.0641 inch in thickness.

Tensile properties were determined on coupons taken
both longitudinally and transversely cut of the sheet:
from which the plates had been cut. Typicel stress—strain
curves are shown for the 17S5S-T aluminum alloy sheet in
figure 1, for the 18:8 steinless steel in figure 2, and
for the 17S-RT and 24S-RT aluminum alley in figure 3.

The yield strengths in the longitudinal and transverse
directions are given in tables 1 &and 2.

The difference in plastic behavior of the aluminum
alloy and the stainless steel is immediately apparent
from the stress—strain curves. A streegs—straein curve
for a longitudinal coupon of the aluminum alloey has &
relatively sharp knee near the yield point; the tensgile
properties are nearly independent of thickness; the ten—
sile properties are consistently higher in the longitu-—
dinal direction than in the transverse direction. The
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stress—strain curves of the &fatihless steel are curved"
"beginning at very low stresses &hd there is ne pronounced
knee near the yield point;’'the ‘tensile properties increase
rapidly as the thickness of the material decreases; the
material is roughly isotroplc in tension, the yileld
strengths being nearly: the same 1n both lengitudinal and
transverse directions.’

It was felt thal the 4nclusion of such widely diver—
gent materials would indicate the effect of the shape of
the stress—strain curve on the behavior of the plates.

TESTS

Loading

The apparatus for subjecting rectangular plates to
normal pressure is shown in figure 4. The plate A was
mounted on top of a 3—. by 50~ by 100—inch steel base plate
with provision for testing plates that range in size from
2.5 by 2.5 inches to 30 by 90 inches. Pressure was applied
by the hand pump B and was transmitted to the bottom side
of the plate through the copper tube O attached to a hole
in the steel base plate. Water was used as a pressure—
transmitting fluid. The pressure under the plate was meas—
ured by connecting one of the pressure gages D, &, or F
to the copper tube H attached to & second hole in the
steel base plate, (See also fig. 6.) Pressure gage D
was a U~ftube for measuring pressures from 1 to 20 pounds
per square inch; F was a Bourdon tube gagé for measuring
pressures from 20 to 100 pounds per square inch; and B
was a Bourdon tube gage for measuring pressures from 100
to 300 pounds Per sguare inch. The error in reading pres—
sures was estimated as less than 0.1 pound per square inch
in the case of the U-tube and less than 1 pound per square
inch in the case of the Bourdon tube gages. Approximate
values 6f pressure above 300 pounds per square inch were
obteined from a Bourdon tube gage that could be mounted
at G on the hand pump.

The method of mounting the plate with clamped edges
is shown in figures 5 and 6. The rTubber membrane J was
supported near the lower surface of the specimen by means
of the wood frame M (fig. 6). A watertight jJoint between
the membrane and the base plate I was obtained by apply—
ing rubber cement to the base plate and holding the mem—
brane down by means of the lower clamp dbar K, which was
fastened to the base plate with flathead screws. The
vlate A was cut to allow a grip of 3/4 inch between the
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clamp bars X and L, The upper bar L was leveled relative
to K by means of spacers N cut from the same material as
the plate. The gripping faces of the bars K and I were
knurled to reduce slipping. The assembly of-clamp dbars,
plate, and membrane was held to the base plate I by means
of 3/4—inch United States Steel capscrews drawn up with

a torque of about 500 pound—inches.

In the case of the plates tested with freely sup—
ported edges, the same clamping procedure was applied,
except that the bars K (fig. 6) were turned through 180°
in a horizontal plane so that the plate would be able
to tilt into the groove shown in the outer portion of K
in figure 6. The spacer N in this case extended on both
gsides of the bolts. This arrangement, it was believed,
would approximate the theoretical edge condition of zero
displacement and zero bending moment that was assumed to
hold for a plate with freely supported edges.

The test data for a given plate obtained with this
apparatus showed consistent behavior in that the scatter
of observed points about a curve faired through them was
small. There were large and erratic deviations from the
expected behavior for curves obtained for nominally
identical or, at least, similar plates. These deviations
were ascribed to uncertainties in the conditian of clamp—
ing and, in fact, led to the .tests of circular plates
with clamped edges already reported (reference 5) in which
additional precautions were taken to apprcach a coanditicn
of rigid clamping. The precautions were Jjustified, lead—
ing to 2 more consistent get of test data. (See refer—
ence 5, figs. 28 to 36.) ‘

The following specific deviations from ideal test
procedure may be responsible for the erratic results ob—
tained with the rectangular plates with clamped edges:

A. The setting up of initial termsion or compression
in the plate during the clamping in the fix—
ture

B. Rotation of the clamping bars K and L an the
~elastic foundation provided by the rubber
.membrane J .

C. Deviation from flatness at no load

D. Slipping of fhe plate between the clamping bars X
and L
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E. The setting up of local clamping stresses at the
edges due tn deviation from unlform clamplng

In the case of the plates with supported edges there
is, in additisn, the possibility of

F., Edge bending moments applied by the clamping
bars ) -

A measure of the smallness of the deviation B was
obtained by clamping a 2.5~ by 7.5-inch aluminum-alloy
plate in the fixture and measuring the angular rotation
of the clamplng bars K as the pressure was increased from
5 to 250 pounds per square 1nch. The rotation was found
thr he of the order of 1.2 x 10™° redian per pound per
square inch.

Since the measured angular rotation at the middle of
the long edges of a 0.1— by 2.5~ by 7.5-inch plate of alu—
minum alley. with freely supported edges when bent by nor—
mal pressure wassbout 200 times this value and since the
plates included in the test program were generally less
rigid than a O.l—inch aluminum-salloy plate, it was con—
cluded that the deviation B from ideal clamping could be
neglected. S

The deviations A, C, D, E, and F are too 1ndefinite
for analytical treatment analogous to the treatment of
the deyiations for the circular plates (appendizes & %o
D of reference 5). The best check that could be made was
to estimate their combined effect by comparing the ob-—
served center deflectinn w_ with theoretical values w4
for corresponding pressures. The procedure used is de—
scribed in detail in a later part of this paper., It led
to the relative deviations =2 — 09 _ Ay o/ Woo &lven inm
' Yoo
tables 3 and 4. The relative deviation was between —0.10
and +0.10 for 27 percent of the plates with clamped edges.
It was less than —0.10 or greater than +0.45 for 44 per—
cent of the plates with clamped edges. In the case of the
five plates with freely supported edges the relative de—
viations ranged from 0.00 to ~0.20. The fact that the
deviation was negative for all the plates indicates that
the edge supports dld partly resist rotation.

Deflection

The deflections of the plates under load were meas—
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ured with a 1/10000—inch dial gage (M, fig., 4). The head
of the dial gage was supported on the reference frame N
by the two parallel bars O and P which rested, in turn,
in triangular notches that had been cut in the reference
frame at l~inch intervals. The reference frame N was con—
nected to the base plate I by a point—line-—plane support
in order to avoid distortion of the frame by deformation
of the base plate. The point support B consisted of a
5/8-inch steel ball riding in conical seats on ¥ and I;
the line support S consisted of a second 5/8—inch ball
riding in a groove on I, the axis of which passed through
R; and the plane support T consisted of a third 5/8—inch
ball riding on a plane on I. A counterweight at U pre-
vented the reference frame from tipping adout a line
through R and S.

The plunger of the dial gage M was alined normal to
the base plate I by rotating the dial gage bar P until
the horizontal arm Q attached to M rested on the parallel
bar 0. The position of the plunger point could be moved
at l-inch intervals in a longitudinal direction by moving
the two bars O and P te different notches in the reference
frame N. They could be moved in set intervals (usually
l—in. intervals) in a transverse direction by bringing a
different one of the positioning rings V on P in contact
with the flat outside surface of notched bars of N.

For closer interval spacing of the dial readings the
platform shown in figure 7 was placed on the bars O and P.
With this latform, lengitudinal and transverse displace—
ments at 1/20—inch intervals were made vossible by the use
of knife edges resting in V-shape grooeves accurately
svaced in 1/20~inch intervals.

The reference frame ¥ with its point-line-plane sup-—
port operated very satisfactorily throughout the series
of tests. Dial readings were always found to return to
the same value within 0,001 inch even after violent dis-—

turbance of the tést set—up.

Figure 8 shows the change in shape of the deflection
curve along the center line of square plate 34 with
clamped edges as the pressure is increased to a value
producing a deflection at the center equal to about 1.8
times the thickness of the vplate. Curves are included
from the data of references 6 and 7. With increasing
pressure the reversed curvature due to the clamping mo-
ments was reduced and the deflection curve approached a
parabola.
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The corresponding curves for square plate 60 with
freely supported edges are shown in figure 9, with curves
from references 8 and 9. In this case the deflection
curve approached a parabola for low leads, Jjust.as for a
simple beam under s uniformly distributed load. At the
high pressures the curvature in the center of the plate
became less than that corresponding to such & parabola.

The deflection curve along the longitudinal center
line of a 0.0529~ by 7.5— by 17.5—inch 175-T plate is
shown in figure 10. It is seen that the end effect due
to clamping along the short edges of the plate extended
a distance into the plate equal to about one plate span.
It may be concluded that the c enter deflection 6f a rec—
tangular plate having a length equal to twice its width
approximates that for an infinite—plate strip.

The center deflection and the permanent set at the
center were measured for each one of the plates tested as
the pressure was increased from a low value to one at
which the permanent set at the center attained the same
order of magnitude as the elastic deflection (center de—
flection minus permanent set). ‘Figures 11 to 14 give the
results for plates with clamped edges and figure 15 gilves
the results for plates with freely supported edges.

At very low loads the center deflection was found
to increase directly with the pressure,as for an ordinary
bean; 1t increagsed more slowly as the membrane stresses
became important; and it approached a lineer variation with
pressure as yielding became pronounced. The permanent set
at the center increased at an increasing rate with increase
in pressure and, in most plates, it approached a straight
line having approximately the same slope a§ the asymptote
to the deflection curve. In this respect the rectangular
plates showed the same behavior as the circular plates
plotted in figures 14 to 20 of reference 5. - '

In the case of plates 1 %o 8 and plates 10, 12, 14,
l5, 18, 20, 21, 25, 33, 36, amnd 37, the center—deflection
curves deviated increasingly from their linear asymptote
above a certain pressure so tlat there was an inflection
point in the curves. The igflebtion point was ascribed
to slipping of the plate between the clamps. In some of
the plates this slipping could.be confirmed by examining
the clamped margin of the pla te after the test. It is
also borne out.by the absence of such behavior in the
circular plates (reference 5) in which particular pains
were taken to obtain rigid ciamping.
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The washboarding pressures, that is, the pressures.
producing permanent set in the plates, were mezsured,
just as in the case of the cirecular plates. (reference 5),
by the following three ctiterions.

1. The Navy yield pressure 3 " defined as the
pressure corresponding %o the intercept on
the pressure axis of the asymptotic straight
line for the set against pressure curve.

2., The pressure paa/soo to produce a set at the
center of 1/500 the span of the plate.

3. The pressure 28/200 to produce a set at the
center of 1/200 the span of the plate. '

These three pressures are given in table 3 for the
plates with clamped edges and in table 4 for the plates
with freely supported edges. Minimum and maximum values
are given for in the case of the plates for which
an accurete dete%mination was- not p0581b1e because the .
asymptote to the set against pressure curve was not
clearly defined. The Navy yield pressure D», ,exceeded
pza/zoe for only 5 plates; it was between péa/EOO and
pza/EOO for half of the other plates and was less than
P2s/500 for the other half.

Strain

Surface strains for plates 10a and 34 were measured
with l—inch Tuckerman strain gages placed directly on the
surface of the plate. (See fig. 21 of reference 5.) The
strain readings were corrected for the apparent strain
due to bowing of the plate between gage points by adding

17k
24 \r

inch is the gage length and r the average radius of
curvature of the plate betwéen gage points (obtained from
the measured contour of thé plate

& term (see reference 10, p. 6} where 1 =1

The results for the 5— by 5— by 0.0202-inch aluminum—
alley plate 10a with clamped edges are given in figures
16, 17, and 18. Figure 16 shows surface straine at six
gage lines for pressures from 1 to 6 pounds per equare
inch; these pressures were-below the washboarding pres-—
sures of the plate (31 to.58 1b/sq in.). Unfortunately,
the gage length of 1 inch was too great to show the re—
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versal in extremé~fiber bending strain and its increase
to a maximum value of opposite sign at the clamped edges.
Measurements over small gage lengths or with a humber

of overlapping gage lengths, such as those made on cir-—
cular plates (reference 5) would he required for an ade-—
quate descriptien of the spanwise strain distribution.
Curves from references 7.end 11 are included in figure
16. The strain-against-pressure curves are similar %o
the deflection-against—pressure curves in that %he. .
slope decreases with increasing pressure. The explana—
tion, in both cases, is the same. At Very low pressures
the entire load was carried in bending dbut, as the de-
flection increased, catenary tension developed and an
increasing proportion of the load was carried by catenary
action.

This action is brought out quantitatively in figure
17 by the separation of the surface strain into median-—
fiber tensile strain and extreme—fiber bending strain.
The extreme—fiber bending strain was calculated for this
purpose from the measured contour of the plate as the
ratio of distance of extreme fiber from the neutral plane
of the plate to average radius of curvature aleng the
gage line. The median-fiber strain was c¢alcéulated as the
surface strain minus the bending strain. The ratio of
bending strain ton median-fiber strain decreased with in-
creasing pressure except for gage line E . The bending
strain was smaller than the median-fiber strain at & pres—
sure of 6 pounds per square inch for all gage lines except
Y. At pressures in excess of 6 pounds per sgquare inch
the strain was read only at the center of the plate. The
results are given in figure 18.

Strains for the 5- by 5— by 0.0653—inch 17S5-T alu—
minum—alloy plate 34 with clamped edges are given in fig-
ures 19 and 20. Figure 19 shows extreme—fiber strains for
efght gage lines at presstres from 1 to 25 pounds per
square inch; these pressures were below the washboarding
pressures of 62 to 84 pounds per square inch obtained for
this plate. Measurements above 25 pounds per square inch
were made only om a center gage line and an edge gage 1inet
The results are given in figure 20 for pressures up to
130 pounds per square inch. The curve for strain at the
center of the plate resembles that for plate 10a in that
it shows a. decrease in slope with increasing pressure.

Curvature measurements were made on three of the
five 5— by 5—inch 17S—T -aluminum—alloy plates with freely
supported edges. Normal-pressure tests of the first two
plates with freely supported edges had indicated that
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Ylelding might be due to the development of a diagbénal
fold at each one of the four corners, which, in turn,
seemed to be caused by pulling out of the plate from the
supporte near the corners. Curvature was accordingly
measured at both the center of the plate and across the
diagonal near one or two of the corners. r The extreme—
fiber strains for these gage lines are plotted against

the pressure in figure 21. The strains across the
diagzonals at the corners are seen to increase rapidly
above the strains at the center of the plate as the strain
exceeds 0.001. The slope of the strain-—pressure curve

for the corners of the two thinner plates increased sharply
for strains of 0.004 to. 0. 005, indicating yielding of the
Plate material.

The washboarding pressures p_, pZa/500, and Pza/300

are indicated in figures 18 and 20°to facilitate comparison
with the measured strains. The surface strains at the
center of the plates with clamped edges (figs. 18 and 20)
were less than 0.0025 at the washboarding pressures.

Since this value is below the strain for which the materi—
al begins te yield (see fig. 1), washboarding could not

be ascribed to yielding at the center. _In the cagse of the
plates with freely supported edges (see fig. 21) the
strains across the diagonals at the corners were above the
elastic region at the washboarding pressures (table %) ;
while they were well within the elastic range at the cen-—
ter., Washboarding, in these plates with freely supported
edges, was therefore probably due to the formation of
diagonal folds at the corners. This fact is’ brought out
further by a comparison of the bending straine shown in
figure 22, which were derived from the change in contour
cf plate 54 having freely supported edges cocresponding

to an increase in pressure from 1 to 15 pounds per square
inch. The bending strains across the diagonals near the
corner were considerably larger than the strains elsewhere
in the plate. '

Washboarding of the plates with clamped edges was
ascribed to yielding along the edges due to the clamping
stresses. In order to verify this result experimentally,
slets parallel to the edges were cut in plate 31 after it
had washboarded severely as a result of a normal-pressure
test. The slots relieved the residual stresses due to
bending along the edges and caused the inner portion of
the plate to flatten so that the permanent set at the cen—
ter of the plate was reduced from 0.22 %o 0.04 inch. It —
was concluded that the washboarding in this plate was
prlncipally due to local bending stresses caused by clamp—
ing along the edges. S
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The direction of the principal strains at the surface
of a 2.5— by 7.5—inch plate with clamped edges were ob—
tained by observing the crack pattern in a coating of Run
KEauri varnish dissolved in turpentine. The coating was
applied and was'allowed to dry before the plates were
mounted in the fixture. Preliminary tests of such coat-—
ings had shown that they formed cracks normal to the di-
rection of principal tensile strain when thisg strain at—
tained a critical value that ranged from 10™°% o 2 x 10
depending on humidity, temperature, thickness of coating,
and other factors. The cracks in a given region of the
plate were plainly visible when viewed from the proper
angle, but it was impossible to photograph them because
of the double curvature of the plate. . A sketch of the
pattern on both the top face of the plate and the bottonm
face of the plate is given in figure 23.

The crack pattern shows that the effect of the ends
did not extend beyond a distance of about one span length
into the plate; this result agrees with the conclusion
obtained from the deflection curve (fig. 10). The clamp—
ing moment due to bending produced a band of parallel’
cracks on the bottom (pressure) face of the plate. The
inflection marking the reversal in sign of the bending
strain occurred at a distance from the center of about
0.72a, which is considerably more than the distance of
0.58a for a beam with clamped ends under unifoermly dis-—
tributed load. -

-ANALYi;S

Deflection

The contour of a rectangular plate subjected to mnor—
mal pressure will have a fixed shape (that is, deflections
at a given point will be 2 fixed percentage of the deflec-—
tion at the center) (only at pressures that are low enough
to make the membrane stresses negligible compared with the
bending stresses. The contour aleong 2 principal axis of
a square plate as derived by N4ddai (reference 6, PP. 180~
184, equation (18)) for small deflections and as derived
by Levy (reference 7) for wy,/h = 1.9 are given in fig-
ure 8. The contour for small deflections resembles the
deflection curve of a beam with clamped ends under a uni-
formly distributed load, but it has an inflection point
at a distance from the center of 0.64a as compared with
0.58a for the bean.
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As the center deflection ¢f the rectepgular plate
increases under increasing normal pressure, catenary ten—
sions become gppreciable and the contour gradually. ap—
praches that for a2 square membrane. The theoretical de~
flecticn of a2 square membrane along its principal axes is
not known exactly, but this deflection curve is likely to
be nearly parabolic in shape, in view of the analogy with
the circular membrane (equation (6) of reference 5)..

This result is also supported by Boobnow's soclution
(reference 12) for an infinite strip of constant span rig-
idly clamped at the edges and subjected to uniform pres-—
sure. The transverse deflectinn curve at very low pres—
sures has the shape ' : :

v o7 'x 2% . _
el b - @)

characteristic of a beam with clamped ends under uniformly
distributed load and of a circular plate with clamped
edges under uniform pressure (reference 5);.whereas at
high pressures the plate strip deflects into a portion of
& circular cylinder appreached by the parabola .
2
LA IS (2) ‘

—

Wo \&/

The deflection curves from equations (1) and (2) are also
given in figure 8. The measured deflectisn curves for
clamped square plates were between the two types, approach-—
ing equation (2) as the pressure increased.

In the case of a simply supported square plate, the
shape of the deflection curve for very low pressures
(Wofh << 1)} as derived by Navier (see reference 6, p.
118, equation (25)) and shown in figure 9 differs only
slightly from that for a plate with wo/h = 2.47 as de—
rived by Kaiser (reference 8), which is alsoe shown in
figure 9. -The shape nf the observed deflection curve
agrees with the thenretical curves within the .error of
measurement.

An "ewsact" curve of center deflection against pres—
sure for a square plate with clamped edges as obtained . .
by Levy (reference 7) and approximate curves of center
deflection against pressure for plates with clamped edges
having span—length ratics a/v = 1, 2/3, 1/2 .as obtafned s
by Way (reference 11) are gliven in figure 24, There &are
alsn given an approximate curve for clamped square plates -
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derived on the bvasis of the assumption in reference 13 of
setting .the total pressure equal t~ the sum of the pres-—
sures that indépendently would be résisted in temsion and
in bending

3 TN 4 —
w : rw S N
2+ 0,411 =2 = 0.224 =/ g . (3)
h \ b T E\_h /

and an exact curve for .2 plate of infinite length by
Boobnov (reference 12). It should be noted, in this con—~
nection, that Brobnov's work was extended, for this pur-
pose, from w,/h = 1.8 to wo/h = 13, and that the ef-
fect of Poisson's ratio W was included. Part of the-
extensinn of Boobnov's work up to values of wo/h = 4.3
was done by Way (see ch. 1 of reference 9); the rest of
the extension up to wo/h = 13 was done by the authors

of .this paper. Way. {(reference 11) did not carry his cal-
culations for & rectangular plate beyond w,/h = 2 be—
cause the degree of approximation became rapidly worse
for center deflections of this ordeér. It appea¥rs, however,
from the curves in the lower portion of figure 24 that
Way's approximate curve for a/b = 1 (square plate)
agrees closely with Levy's "exact" curve and with Flppl's
st1ll more approximate formula (3); whereas Way's curve

" for a/b = 1/2 - agrees clesely with Boobnov's solution
for afb = 0, thus confirming the previous conclusion
that a clamped—edge plate having a length of twice its
span deflects substantially as a plate of infinite length.

It was felt, in view of the foregoing comparisons,
that Way's, Boobnov's, and FiOppl's theories would form a .
satisfactory basis for rating the clamped—edge plate with
respect to the degree with which the theoretical clamping
conditions were satisfied. This rating was§ done by com—
praring the observed center deflection against presslure
curve with the appropriate theoretical curve, specifical—
ly by deriving the following deviation indices:

- ——
=

- Aw _ Wo — Voo . _ B (4)

“o0 Yoo

and w

where w are the observed and the theoretical

] oo
center deflections, respectively.

The choice of w,, was governed by the ggatter of
points on the observed center deflectina against pres—
sure curves; Ww was chosen as small as poi§ible

0Q
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consistent with the requirement{ that the corresponding
observed center deflection we could be determined ac~
curately from the observations. :

The deviation indices Awo/woo, as, well as the
definition upon which they were derived in the individual
cases, are given in table 3 for all the plates with
clamped edges. The deviation index was less than 0.2
for only 21 of the 56 plates tested. It exceeded 0.5
for 15 -of the plates. It may be concluded that the. the-
oretical clamping conditions were approximated for only
a fraction of the plates tested. The center deflections
for a 175—T aluminum-alloy plate and a stainless—steel
plate with deviation indices of less than 1 percent are
plotted in figure 24 for comparison with the calculated
values. Calculated and observed deflections check within
5 percent for the aluminum—-alloy plate 8 up to wo/h = 12.
The deflection of the stainless—steel plate exceeded the.
theoretical deflection except at very low pressures by
an amount that increased with the pressure. This varlae-—
tion was ascribed to the peculiar stress—strain curve of
the material. (See fig. 2.)

Kaiser (reference 8) has computed the contour and the
stress distribution for a plate with freely supported
edges under a normal vpressure producing a center deflec—
tion w, = 2.47h, Kaiser was able to check his theoret-
ical value against empirical curves obtained from experi-
ments on 600— by 600- by 3. 15—m1111meter (23.6— by
23.6— by 0:124—in.) steel plate. Kaiser's empirlcal
curve and theoretical .point are compared with the ob-
served center deflections for the five plates tested with
supported edges in figure 25, The observed deflections
differed less than 20 percent from Eaiser's values. The
deviation indices Awy,/wy,, are given in .table 4. They
ranged from 0.00 to ~0.20. This variation indicates some
restraint at the edges that would cause a reduction in the
center deflection.

Stresses

The only exact solutions for the stresses in a rec—
tangular plate of medium thickness with clamped edges
known to the authors are the ones derived by Boobnov
(reference 12) for the asymptotic case of the plate strip
of infinite length and by Levy (reference 7) for a square
plate. Probably the best approximate solution for the
stresses in a rectangular plate is that due to Way (ref-
erence 11).
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The solution for a plate strip of infinite length
differs from that for the square plate in that the median—~
fivber tension becomes unifarm across the strip in the
plate gstrip instead of being greater at the center than
at the edges as in the square plate, The median-fiber
stresses and the extreme-~fiber bending stresses at the
center of the plate and at the midpoint of the longer
edge are plotted against the pressure in dimensionless
form for plates of finite dimensinns (a/b = 1 and 2/3)
in figures 26 and 27 and for a plate strip (a/b = 0)
in figure 28 where the new symbols on the figures have
the following significance

0;0 extreme—~f iber bending siress at cenier
ot extreme—fiber bending stress at midpoint of edge
déo median~fiber ftensile stress at center
die médian~fiber tensile stress at midpoint of ~edge

In figures 27 and 29 subscript =xe indicates the midpoint
of the longer edge. The median~fiber stresses and the
extreme—~fiber bending stresses at the point of maximum
stress — the center of the longest edge — are plotted
against the Pressure in dimensionless form for a plate
with a/b = 1/2 ‘in figure 29, Approximate wvalues of

the center deflectiom ratio w,/h are given on the ab-
scissa scale to show the effecg of center deflection on
the median—fiber stregses.

The resultant extreme—fiber stresses at the center of
the plate and at the midpoint of the longer edge were ob-—
.tained from figures 26 to 29 by edding the extreme—fiber
stress and the median—~fiber stress and are shown in figure
30. The extreme~fiber stress at the midpoint of the )
longer edge is from 2 to 4 times as great as that at the
center of the plate. Yielding due %o bending along the
edges should therefore always precede yielding due to
tension at the center in an ideally clamped plate. Al-
though Way's solution for the square plate a/b =1
agrees well with the exact solution by Levy, the approx—
imate nature of Way's solution must be kept in mind in
comparing the stresses in the rectangular plate with those
in the infinite plate as given in figure 30. Way's curves
indicate that, at the midpnint of the longer edge of a
finite plate with a/b = 2/3 »r less, a greater stress is
caused by a given pressure than in an infinite—plate strip
of the same material and the same cross—sectional dimensions.
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This result is, of course, incorrect and it may be ascrided
to the approximate nature of Way's salution.

The theoretical gstrain € at the center of the square
plate may be derived from references 7 and 11 by substlitu~

tion in
€ = (1 - pn)o/E ' (5)

where o 1s the stress and i is Poisssan's ratio. The
resulting curves  of extreme—fiber strain against pressure’
are shown dotted in figures 16, 19, and 20:for comparison
with the measured extreme—fiber straln over a l-—inch gage
length. There 1s approximate agreement in the case of
figures 19 and 20, but in the case of figure 16 the the-—
oretical strains are about 30 percent higher than the
measured strains.

The stress distribution in a square plate of medium
thickness with freely supported edges has been investlgat—
ed both theoretically and experimentally with great thor-—
oughness by Kaiser (reference 8). Figure 31 shows the
extreme—fiber bending stress o" and the median-fiber
tensile stress o' . according to Kaiser for gage lines at
the center of the plate parallel to the edge of the plate .
and across the diagonal'at_a point near the corners the
coordinates of which relative to the center were x/a =
y/a = 0.6. The last gage line isiincluded becéause Kaiser's
work showed that it marked the region »of maximum bending
stress for plates in which the center deflecticn was com—
parable with the plate thickness.

Figure 32 shows the extreme—fiber stress O obtained
by adding the bending sitress. to the median—fiber stress
as given in figure 31l. Comparison of figure 32 with fig-
ure 30 shows that, for the pressure ratios investigated,

4

Pra
— < 8
EH

the square plate with rigidly clampe d edges supports ap-—-
proxima tely the same normal pressure at a given maximum
extreme—fiber stress as a plate of the same dimensi#ns and
material with freely supported edgesr

-Extreme—~fiber bending strains € were measured in
the plates with supported edges st the center snd across
the diagonal at x/a = y/a = 0.83. These strains are com—
pared on a dimensionless basis in. figure 33 with the
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extreme—fiver bending strains obtained from Kaiser's
theoretical and experimental stresses (reference 8) along
nutually perpendicular directions by substitution in the
equation. e

€ (Ic‘.x—‘p.cy)/"E L (6)

.experimental values within the scatter in the present
tests.

Permanent Set

Analysis of the washboarding pressures listed in
table 3 indicated that the washboarding of the square
Plates with clamped edges was brought about by twe manners
.0f fallure, Very thin plates, that 1s, pIafes with negli-
gible flexural rigidity, will carry practically all of
the load as a membrane and they may be expected to fall
by yielding throughout the plate like a membrane. If the
plate remains elastic up to the yield point, the relation
between pressure py and stress o© &t the center of

the plate may be approximated by the following formula
(see reference 13, p. 230)

z/2

Py _ 8.0 E(__>< _z> - (_7._) -

that is, the washboarding pressure should vary directly
with the reatio of thickness to span, h/Za.

Relatively thick plates, that is, plates in which
practically all of the lead is carried by bending and
almost none by membrane action. will yield, owing to the
local bending stresses at the center of the clamped edges.
If the plate is rigidly clamped and remains elastic up
to the beginning of yielding at this pcint, the pressure’ -
Py corresponding to an extreme—fiber stress O &t the

center of the edge is, according to reference 6 (p. 184):

h = dy
= 3. 2 s (8)
P.V 8.2 B <2a> E

that is, the washboardlng pressure varies directly w%th
the square of the ratie of thickness to span (h/Ba)
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Before these two mechanisms of fallure are considered
further, it should be noted that the highest stress in a
perfectly clamped rectangular plate will always c¢ccur at
the center of the longer pair of ¢lamped edges. (See
figure 30.) Yielding at the edges theréfore should precede
vielding in any other portion of the plate and hence only
the second mechanism of failure seems admisgsible or the—
oretical grounds. Yielding due to membrane action may,
neverthelese, be present in an actual and, therefore, an
imperfectly clamped plate if either one of the fanllowing
two factors is important:

1. The clamps may permit a sufficient amngular rota-—
tion of the edge of the plate to remove a large
portion of the local bending stress at the cen-~
ter of the edge.

2. The yield strength of the material when subjected
to the local bending stress with & large gra-—
dient at the edge of the plate may be much
hligher theh the yield strength-under the more
nearly uniform tension present in the rest of
the plate.

The two types of failure characterized by equations
(7) and (8) are brought out clearly in figure 34 by plot—
ting py against h/2a for the square 175-T aluminum—
alloy plates given in table 3. The washboarding pressure
g£oes up linearly with h/2a for values of h/Za less
than about 0.004, It goes up with the square of h/2a
for values of h/2a greater than about 0.006. The ap—
proximate formulas (7) and (8) are plotted in figure 34
for comparison with the observed .vealues, assuming the
average values:

oy, = 40,000 pounds per square inch

E = 10,3 X 107 pounds per square inch

The pressures from equation {7) are about 30 percent
high for

h
— < 0.0025
2a

while those from eauation (8) are about 60 percent lnw
for .

X 5 0.006
2a .
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The formulas (7) and (8) are useless in describing
the washboarding of square clamped plates in the important
intermediate range of 0.0025 < h/2a< 0.0060 in which
both the membrane stresses and the bending stresses seem
to take an appreciable share of the lead. Inclusion of
this intermediate range in the analysis of washboarding
pressures requires & consideration of siresses in plates -
of intermediate thickness as derived by Boobnov, Way, and
Levy. (See references 7, 11, and 12.) It was assumed
for the purpose of such an analysis that washboarding would
be associated with yielding either aleng the edge of the
Plate or at the center of the plate and that this yielding
would take place when the theoretical stress at these two
Points attained a stress o at which the material begins

to yield in tension. The results of this assumption dif-—
fer from those made upon assumptlon of the Von Mises—Hencky
theory of failure (reference 5) only for the stress Oy,

at the center of a square plate and there the difference
in stress is only 11 percent. The same results aré Gb—
tained from both assumptions for the theoretical stress
o for yielding along the edge of any plate and the

xe
stress oO,, for yielding at the center of an infinite—

plate strip.

For rectangular plates the relation between the

stresses OCxe @nd J,, and the pressure P 1is given in
figures 26 and 27 by the dimensionless plots of

Oxe /a \ %xo0 \2 e B

/ and (a as functions of P2 . Un-

E \u n/ E n*

fortunately, the value of these funetions has heen cal—
4
culated only for 2 2; < 31.2 as compared with measured
E n -

values for plate 4 that go up to 20,000, The only known
theoretical solution for pressure ratios of this order
is Boobnov's solution (reference 12) for the flat—plate
strip with clamped edges. Figure 28 shows the extreme-—
fiber stresses at the edge and at the center of such a

strip up to values of % %; = 4500.

A comparison of the experimental data on plates of
finite length with Boobnov's theory for infinitely long
plates was obtained by regarding the actual plate w1th a
span 2a ds an infinite platé the span 2a, of which was
less than that of the actual plate in order to allow for
the strengthening effect of clamping at the short edges.
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The ratio a,/a was arbitrarily chosen so that the in—

it1al slapes of the twn curves for extreme—fiber bending
stresses c;e at the center of the edge are brought into

colncidence.

In the case of a sguare plate with clamped edges'the
extreme—~fiber bending stress at the center of the edge is,
for low pressures (see reference 6, p. 184):

| S
cxe = 1l.22 p(\w_ '

while at the edge of a clamped rlate strip of span 2a,
it is

o-" =

For identity of initial slepe c"/p. therefore,

a,/a = J1.22/2 = 0.78

where
28 actual span - - .-
2e, span of infinite—plate strip having same stress at

midpoint of longer edge

The corregsponding reduction factor for any rectangular
plates with clamped edges (0 < a/b < 1) may be obtained
by analogy from figure 113 (p. 184) of reference 6 with
the result shown in figure 35. Application of thils re-
duction factor to the curves for the extreme-~fiber stresses
at ‘the center of the edge and at the center of a square
plate in figure 30 leads to the dotted curves shown 1n
figure 36. The extreme~fiber stresses for the equivalent
plate strip are seen to differ less than 13 percent from
the exact values. This method of reducing to an eguiva-—
lent plate strip was accordingly used in comparing the
observed washboarding pressures for rectangular plates
with the theoretical values for an infinite platc.

The theoretical washboarding pressures for yielding
at the edge and. yielding at the cénter are shown as
curves & and B, respectively, in figure 37, where 2a,
is the span for the equivalent plate strip (fig. 35)
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Log—log paper was chosén as in the .case of %the corre—
sponding plets for the circular plates (figs. 28 to 30
of reference 5) in order to spread the observed values

more uniformly ever the sheet. The experimental wash-—
boarding pressures given in table 3 were plotted-in fig—
ure 37 by replacing o " the stress at which yielding

begins in tensinn, by %he average yleld strength in a
longitudinal direction and a transverse direction (table
1). The pressure for the beginning of ylelding was reé—
Placed by the Navy yield pressure in figure 37(a), the
Pressure for a set at the center onf 1/500 the span in
figure 37(b), and the pressure for a set at the center
of 1/200 the span in figure 37(c).

The measured Navy yield pressures and the pressures
for a set of 1/500 the span were between the theoretical
Pressures for yielding at the edge and far yielding at
the center for more than 80 percent of the plates. The
Pressures for a set of 1/200 the span were in approximate
agreement wlith the theoretical pressure fer yilelding at
the center of the plate. The scatter of the points is
large, particularly in figure 37(a). Part of this scatter
could be ascribed to deviations from the theoretical
clamping conditions because the scatter of the points
with deviation indices between 0.1 and —0.1, which are
shown in figure 38, was only about nne—third as large as
that for the entire array of points.

It is interesting to note that the measured wash-—
boarding pressures for very thin plates (in the right—
hand portiod-of the figures) approacheéd the theoretical
curve for yielding at the center in every case. Very thin
Plates seemed to yield consistently 1ika a thin membrane.

Straight lines C were fitted by the methad of least
squares-to the observed washboarding pressures in figure
37. These lines are also shown in figure 38. The devia-—
tion of individual points from the lines C is large in
many cases. Nevertheless, the lines may be useful 1n ar—
riving at a rough estimate of washboarding pressure for a
rigidly clamped plate of given dimensions and given mate~—
rial.

In the case of plates with freely supported edges,
an adeguate theory for the stress distribution at suffi-
clently high values of the deflection (w,/h = 10) was
not available. ZKaiser's theory (reference 8) goes up
only to °/h = 2.7. In as much as only five square
plates of only one size (5 by 5 in.) and one material
(17S~T aluminum alloy) were tested, the empirical data
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were insufficient either to check any proposed theory or
to provide empirical relations of any generality, The
washboarding pressures are compared with the washboarding .
pressures of 5— by 5—inch 178-T aluminum—alloy plates
with clamped edges in figure 39. . The washboarding pres—
sures for the plates with freely supported edges were
approximately the same as those for the clamped—edge
plates. The reason for this approximate agreement may be
that, in the case of the plates with freely supported.
edges, the diagonal folds in the cornpers caused nearly as
high bending stresses as were observed &t the midpoint of
the longer edges of the plates with clamped edges.

National Bureau of Standards,
Washington, D, C., November 28, 1941,
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TABLE 2,~ PLATES WITH FREELY SUPPORTED EDGES

178—-T ALUMINUM ALLOY

Young's Tensile yield
Plate| Span,|{Length,! Thickness,| modulus, strength
2a 2b h B (kips per sq in.)
(in.) (in.) (in.) (kips {offset = 0.002)
. - - - P.e:'
sq in.)| Longitu—| Trans-—
dinal verse
56 5 5 0.0292 10,300 40.5 35.0
57 5 5 .0370 10,300 42.2 36.5
58 5 5 .0483 10,300 4645 39.0
59 5 5 .0530 10,300 44,0 38,0
60 5 5 .0641 10,300 43.2 38.0
TABLE 4.~ RESULTS FOR PLATES WITH FREELY SUPPORTED EDGES
Plate| Relative 'Navy yield | Pressure for 2 given set
deviation, pressure,
Aw fu . . Span Span
(See expla— (1b/sg in.) —
nation be— 500 200
low) p(2a/500) p(22/200)
(1v/sq in.)|(1v/sq in.)
56 ~0.17 b 19.5 16 24
57 .00 ¢ 24 20 28
58 —.20 & 44 37 51
59 —-.18 =a 47 40 58
60 —-.03 & 55 53 87
Letter Value of Yoo Reference
for op
(1b/sq in.)
a 1 8 ————
b l<p< 22 8
c l<p<?5 8
dé 2 <p < 10 &
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Figure 7.~ Auxiliary platform for measuring deflections at
points 1/20 inch apart.
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